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Introduction

S UPERSONIC separated � ows take place in many engineering
applications,and in many cases, the state of the separated � ow

is unknown. It could be laminar, transitional,or fully turbulent.The
one-equation turbulence model of Spalart and Allmaras1 (SA) has
a feature to allow the existence of a stable laminar solution. In other
words, the eddy viscosity ºt D 0 is a stable solution. This implies
that if the � ow� eld is laminar the SA model can predict a laminar
solution. The SA model has a trip term to initiate transition in a
smooth manner. This kind of transition is mainly numerical and has
little to cope with the boundary layer’s natural tendency to transi-
tion based on local pressure gradients, suction, wall roughness, and
so on. The application of the trip term is almost exclusively for a
situationwhere the � ow upstreamof the trip point is laminar.Down-
stream, far away from the trip point, this term has no in� uence on
the solution. It is important to realize that, in the case of relaminar-
ization, the transition process from turbulence to laminar depends
mainly on the balance of the production, diffusion, and destruction
terms and is independent of the trip point location upstream pro-
vided it is far from the location where relaminarizationtakes place.
Having said this, because the model does not include any physical
argument on the onset of transition, the model is at best able to
predict relaminarizationbut cannot be trusted to predict accurately
the onset and duration of transition.Nevertheless, this is still better
than employing an algebraic model, such as that of Baldwin and
Lomax2 (BL), which cannot predict relaminarization except in the
case where a correct number for the BL parameterCMUTM is known
a priori. This parameter is to suppress the incorrectlylarge eddy vis-
cosity generated by strong local velocity gradients and is a function
of local Reynolds number. It is important to make sure that this
parameter does not suppress the correct large eddy viscosity. Two
examples are given in this Note to demonstrate the preceding dis-
cussion. Each example is calculated � rst with the BL model, which
is then used as an initial solution with the SA model. The objective
of this procedure is to see whether in a laminar � ow� eld a fully
turbulent � ow created by the BL model can be relaminarizedby the
SA model.

An initial solution for the SA model can be obtained from a
solution with the BL model by converting the eddy viscosity from
the BL solution, ºt , to the transformed eddy viscosity Nº in the SA
model, where inside the boundary layer

ºt D Nº fv1; fv1 D Â 3

Â 3 C c3
v1

; Â D
Nº
º

(1)
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In practice, one can specify a value for the kinematic viscosity º
to switch from Eq. (1) to Eq. (2). Equation (1) can be solved for Nº,
which gives
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From past experience with attached � ow simulations, this method-
ology usually gives a converged solution faster than the way sug-
gested by the authors of the model in Ref. 1. However, in the case
of separated� ows, this methodologydoes not gain much in conver-
gence because of the large differences between the solutions from
the BL and the SA models. Nevertheless, this is still a much more
robust way than startingwith Nº D 0 uniformly in the initial solution,
which is quite unstable in some cases. Furthermore, in the case of
high Reynolds numbers, it is suf� cient to apply Eq. (2) everywhere
because Â is large except in a very thin layer at the wall.

Results
The SA model was incorporated into the � nite volume Navier–

Stokes code of Wong,3 which has been used extensively in many
turbulence simulations with attached and separated � ows. Only the
grid-converged solutions are presented here. Each example has a
total number of grid points of around 40,000. The � rst example is
an axisymmetric contour nozzle with a reservoir pressure of 26.8
bar and a total temperature of 310 K. At the exit of the nozzle,
the boundary condition is subjected to an external static pressure
of 75 KPa. In the turbulence simulations, the location of turbulence
onset is set at just after the throat of the nozzle.

Figure 1 presents the streamlines of three different calculations:
laminar, turbulent with the BL model,4 and turbulent with the SA
model. The numbers shown at the exit end are Mach numbers.
Figure 2 shows the experimentalobservationat the nozzle exit. The
experiment was done by L. Custer in the National AerospaceLabo-
ratory in The Netherlands.The � ow has been carefullyobservedfor
longer than a minute, and no sign indicates that the � ow is unsteady.
By comparingthe two � gures, one cansee that the experimentshows
that the � ow separates somewhere between the solutions from the
laminar and the turbulent with the SA model. The � ow separation
begins at 3 § 0:4, 17 § 0:4, and 8 § 0:4 mm from the nozzle exit for
the laminar, the BL turbulent, and the SA turbulent cases, respec-
tively. In fact, the experimental result with a separation started at
5 § 1 mm from the nozzle exit (projected from Fig. 2) is closer to
the laminar solution than to the SA turbulent solution. Even though
the SA model starts off with a fully turbulent � ow solution from the
BL model, it still predicts a laminar solution after the throat, which
evolves gradually downstream to become transitional or turbulent
near the nozzle exit. This demonstrates that the SA model can cope
with relaminarization,whereas the BL model assumes that the � ow-
� eld is fully turbulent after the throat, which renders a large � ow

Fig. 1 Numerical streamlines inside a cold nozzle � ow: GR, Granville
theory.
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Fig. 2 Experimental observation at the nozzle exit.

Fig. 3 Viscosity ratio comparison downstream from nozzle throat.

separation. Moreover, by tuning the parameter CMUTM in the BL
model to 70 instead of 14, the BL solution tends to behave like the
SA solution. Figure 3 shows a comparison between the BL and SA
solutionsin terms of viscosityratio (kinematiceddy/kinematic). The
velocity pro� le gives a guidance to the local boundary-layer thick-
ness. This is taken at a station farther downstream from the throat
of the nozzle. Clearly, the SA solution diminishes the BL viscosity
ratio to almostzero in most of the � ow between the wall and the axis.
However, in the inner part of the boundary layer, the SA model fails
to diminish the eddy viscosity below the laminar viscosity. Never-
theless, the core � ow still behaves more like laminar than turbulent
� ow. The degree of relaminarization in the SA model is signi� cant
enough to capture laminar � ow behavior. The discrepancybetween
the SA solution and the experiment is mainly attributed to the lack
of a physical transitionmodel in the SA model. Moreover, the model
does not include the compressibility effect and has not been vali-
datedat all with any axisymmetriccon� guration.In otherwords, the
closure coef� cients in the SA model are not universal,as mentioned
in Ref. 1. This will be demonstrated further in the second example.

Table 1 Physical freestream conditions

Mach Re/m T0, K Twall , K L ref , m

6.85 14:8 £ 106 600 296 0.05924

Fig. 4 Mach contours showing multiple shock locations in the � ow
structure.

Fig. 5 Wall Stanton number along the surface of hyperboloidal-� are:
GR, Granville theory.

The second example is an axisymmetric hyperboloidal � are,
which has been presented in the First U.S.–Europe High Speed
Flow� eld Database Workshop, Part 2; more detail can be found in
Ref. 3. The freestream conditions are indicated in Table 1.

Figure 4 shows the multiple shock locations in the � ow structure.
The objectiveis to examine the sensitivityof the closurecoef� cients
in the SA model to the heating at the reattachment.We assume that
the onset of transition is at the reattachment.

Figure 5 presents the distribution of Stanton numbers at the wall
along the surface of the hyperboloidal � are. The experiment was
done by Krogmann at the German Aerospace Laboratory (DLR),
Göttingen, Germany, and more information can be found in Ref. 5.
By comparing the numerical data with the experiment, one can see
that the � ow is either transitional or fully turbulent at the reattach-
ment, which justi� es the assumption of the location of transition
onset. The differencebetween the solutions from the BL model and
the SA model is not large because the selected location for the onset
of transition or turbulence is about right. This test case is very sen-
sitive to skin friction, which determines the onset of separationand
the heating at reattachment. There are two SA solutions in Fig. 5,
each corresponding to a different value in Cw2, which is a clo-
sure coef� cient in the SA model that controls the skin friction and
has been validated with a standard � at plate. The original value
of Cw2 given by the authors of the model in Ref. 1 is 0.3, which
overpredictsthe heatingby approximately40% at the reattachment.
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By tuning the coef� cient to 0.5, it shows better agreement with the
experimental data. Because of insuf� cient measurement data along
the reattachment, there is still some uncertainty in the peak Stanton
value in that region. Nevertheless, this certainly is not the means to
solve the problem.The main dif� culty in this problemis to establish
a physical transitionmodel at the reattachment.Moreover, applying
an incorrecttransitionmodelat the reattachmentrendersan incorrect
onset of separation upstream, as shown in Fig. 5 at NX D 0:64.

Conclusion
The prediction of relaminarization with the SA model has been

demonstratedwith an axisymmetric con� guration that has not been
validatedby the authors of the model in Ref 1. The sensitivityof the
closure coef� cients is highlighted,and more research is required to
validate the SA model before it can be used universally with any
con� guration. Because of the lack of a physical transition model in
the SA model, carehas to be takenin theuncertaintyin theprediction
of transition onset and duration with this model. In addition, the
compressibilityeffect has not been taken into account in this model.

References
1Spalart, P. R., and Allmaras, S. R., “A One-Equation Turbulence Model

for Aerodynamic Flows,” AIAA Paper 92-0439, Jan. 1992.
2Baldwin, B. S., and Lomax, H., “Thin Layer Approximation and Al-

gebraic Model for Separated Turbulent Flows,” AIAA Paper 78-0257, Jan.
1978.

3Wong, H., “Hypersonic Flow over a Hyperboloidal-Flare,” Proceedings
of the First Europe–US High Speed Flow Field Database Workshop Part 2,
Italian Aerospace Research Centre (to be published).

4Granville, P. S., “Baldwin–Lomax Factors for Turbulent Boundary Lay-
ers in Pressure Gradients,” AIAA Journal, Vol. 25, No. 12, 1987, pp. 1624–

1627.
5Krogmann,P., “CalibrationandValidationMeasurements in theLudwieg

Tube Tunnel B (RWG),” DLR Göttingen, Rept. ESA/CNES HT-TR-E-1-
301-DGLR, Göttingen, Germany, Aug. 1995.

C. G. Speziale
Associate Editor

Wake Generation Compressibility
Effects in Unsteady Aerodynamics

Ronald J. Epstein¤ and Donald B. Bliss†

Duke University, Durham, North Carolina 27708-0300

Introduction

T HE phenomena of wake generation and evolution are the sub-
ject of continued research1¡8 and development.When dealing

with either conventional � xed-wing aircraft or rotorcraft, the wake
formation and subsequent dynamics are important issues. The be-
havior of the wake can profoundly affect aerodynamic loading, in-
ducedwash, and aerodynamicnoise. In some situationsthe assump-
tions of an incompressible (constant-density) wake � ow facilitates
aerodynamic modeling. This assumption is particularly bene� cial
for three-dimensional,free-wake analysis,where motion and defor-
mation of the wake under its own in� uence is to be determined.6;7

Free-wake analysis is commonly used in rotorcraft aerodynamic
models. Typically, the wake is discretized into vortex elements con-
nected to form vortex � laments and/or vortex sheets. The velocity
� eld from these elements is computed using the Biot–Savart law,
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which restricts the validity of the wake representation to incom-
pressible constant-density � ow. That the wake convects with the
surrounding � uid and induces � ow velocities that have very low
Mach numbers appears to support the accuracy of the incompres-
sible � ow assumption. It is, therefore, not unusual to � nd rotorcraft
aerodynamic analyses that embody compressibility effects in the
blade aerodynamics model but utilize an incompressible free-wake
analysis.

A criticismof this approachis that, althoughthewake-inducedve-
locitiesmay be low, the relativevelocitiesbetween the wake and the
generating blade, and subsequent blades the wake may encounter,
may correspond to relatively high subsonic Mach numbers. During
the unsteady wake generationprocess, waves generatedboth on the
airfoil and in the wake itself travel both upstream and downstream,
and the � nite propagation speed (especially the slower upstream
wave) may introduce signi� cant phase delays in comparison with
an incompressible case that has in� nite wave speed. The implica-
tions of coupling an incompressible wake to a compressible blade
aerodynamicsanalysis have not been systematicallyexplored,even
though this approach has been repeatedly undertaken in practice as
an expedient to the formulation of a complex problem.

The present research illustrates the role of wake compressibil-
ity for the relatively simple case of a wake generated by a two-
dimensional unsteady airfoil, as a � rst step toward exploring the
effect of the wake incompressibility assumption. Even this rela-
tively simple case will be seen to provide considerable physical
insight. From this, a criterion for wake compressibility is derived.
The derivation,from fundamental physicalprinciples,also includes
a discussion of the fundamental length and timescales that appear
in the problem.

To illustrate the derived wake compressibility criterion, numer-
ical results are presented for a model unsteady compressible aero-
dynamic calculation,namely a � at-plate airfoil encounteringa har-
monic nonuniform in� ow. This is a compressible form of the von
Kármán–Sears problem.9;10 Through this simple example, it is
demonstratedthat wake compressibilitycan indeed have a profound
effect on unsteady aerodynamic and aeroacoustic calculations.11;12

It is also shown that only a small portion of the wake, that which is
closest to the trailing edge of the lifting surface, is important with
regard to wake compressibility.Therefore, the criterion derived can
be regarded as a correction to existing wake analysis schemes as
opposed to a replacement for them and, as demonstrated, can be
effectively used as such.

Wake Compressibility Criterion
Consider a two-dimensionalwing section (Fig. 1a), translatingin

the ¡x directionwith velocity V1 subject to an unsteadyexcitation.
The excitationcan be due to unsteadyheave,pitch, or gust and is not
limited to the frequency domain. An unsteady wake is, therefore,
shed from the trailing edge of the wing section. The wake is com-
posedof both positiveand negativevorticity,as shownschematically
in Fig. 1a. The sign and magnitude of the vorticity in the wake acts
as an effective � uidic memory for the unsteadychangesof vorticity,
upwash, and pressure on the surface of the wing section and must
satisfy Kelvin’s theorem.

This Note investigatesthe aeroacousticaspectsof the wake as it is
generated at the trailing edge. It is assumed that the wake is contin-
uously shed both temporally and spatially. Therefore, in any small
increment of time, a small increment of wake is shed and convects
from the trailing edge. The detailedviscousmechanismof the shed-
ding process13 is not addressed. Rather, the global aeroacousticsof
the wake inception is investigated.

Looking at Fig. 1a, consider a small increment of wake being
shed. Simultaneously, a sound wave is emitted at the trailing edge
from the unsteady disturbance induced by a newly shed wake in-
crement. The sound wave is generated by the � nal adjustment of
the � ow� eld at the trailing edge. In terms of potential � ow or panel
methods,14¡19 this is the last adjustmentmade in the surfacepotential
strength distribution(source or doublet), at the trailing edge, before
the local jump in potential is shed into the wake. The value of the
jump in potential at the trailing edge is then convected downstream
in the wake. This is equivalent to satisfying Kelvin’s theorem.


